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Chapter 4

Oxygen transport in 

biological system

1

The diffusion of oxygen in multicellular systems

The growth of simple multicellular systems beyond a diameter of a

hundred microns is limited by the availability of oxygen.

The metabolic needs of the cells

near the centre of the cell

aggregate exceed the supply of

oxygen available by simple

diffusion.

𝒑𝑶𝟐 profiles of spherical volume of

cells with convection (□) and

without convection (◊) in the

nutrient medium.
2



14/03/2020

2

For the case with no convection in the media (◊), the 𝒑𝑶𝟐 drops sharply

and has been reduced to nearly zero within a few hundred microns of

the spherical volume of cells surface (electrode position of 0 μm).

If the oxygen level is reduced

beyond a critical value, the cells

may die.

With increased convection (fluid

mixing) in the surrounding media

the partial pressure of oxygen at

the surface and core regions of the

spherical volume of cells is

increased significantly.
3

This is a result of the decrease in the resistance to oxygen transport of

the fluid surrounding the islets.

The development of complex

cellular systems required the

development of oxygen delivery

systems that are more efficient

than diffusion alone.

4



14/03/2020

3

2- A specialized oxygen carrier protein,

called hemoglobin, is contained within the

red blood cells within the blood plasma.

The presence of hemoglobin overcomes

the very low solubility of oxygen in water.

1- Circulatory system, which carries oxygen in the blood by convection to 

tiny blood vessels called capillaries in the neighbourhood of the cells.

Here, oxygen is released and then

diffuses over much shorter distances to

the cells.

This has been accomplished by :

5

𝒑𝑶𝟐 and Henry’s constant

The oxygen concentration is expressed in terms of the partial pressure of

oxygen.
𝒑𝑶𝟐 = 𝑷𝒚𝑶𝟐 = 𝑯𝑶𝟐𝑪𝑶𝟐

𝑯𝑶𝟐 is Henry’s constant. 

For blood at 37°C: 

𝑪𝑶𝟐 dissolved oxygen concentration in μM.

𝒑𝑶𝟐 is the partial pressure of oxygen in

mmHg.

𝑯𝑶𝟐 = 𝟎. 𝟕𝟒 𝒎𝒎𝑯𝒈/𝝁𝑴

6
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We can develop a reaction-diffusion model that can be used to describe 

the 𝒑𝑶𝟐 profiles shown in the Figure, we can also determine the oxygen 

consumption rate of the cells.

Oxygen transport to a spherical volume of cells

At steady state, write an oxygen

mass balance over a thin shell of a

spherical volume of cells from r to r

+ Δr:

7

 𝟒𝝅𝒓𝟐𝑫𝑻

𝒅𝑪𝒐𝒙𝒚𝒈𝒆𝒏

𝒅𝒓
𝒓+∆𝒓

−  𝟒𝝅𝒓𝟐𝑫𝑻

𝒅𝑪𝒐𝒙𝒚𝒈𝒆𝒏

𝒅𝒓
𝒓

= 𝟒𝝅𝒓𝟐∆𝒓𝝋Г𝒐𝒙𝒚𝒈𝒆𝒏

The first two terms on the left-hand side of

Equation represent the rate at which oxygen

enters the shell volume by diffusion at r + Δr

and leaves at r.

𝑪𝒐𝒙𝒚𝒈𝒆𝒏 is the oxygen concentration within a

given volume of tissue, which includes the cells

and surrounding interstitial fluid.

𝒎𝒊𝟐 − 𝒎𝒊𝟏 +
𝒅𝑴𝒊

𝒅𝒕
= 𝑹𝒊

8
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The product of 𝑪𝒐𝒙𝒚𝒈𝒆𝒏 and this tissue volume gives the mass of

oxygen in the volume of tissue.

𝑫𝑻 is the effective oxygen diffusivity within the tissue and is described

by:

𝑫𝑻

𝑫𝒐
=

𝟐𝑫𝒐 + 𝑫𝒄𝒆𝒍𝒍 − 𝟐𝝋 𝑫𝒐 − 𝑫𝒄𝒆𝒍𝒍

𝟐𝑫𝒐 + 𝑫𝒄𝒆𝒍𝒍 + 𝝋 𝑫𝒐 − 𝑫𝒄𝒆𝒍𝒍

Bentley found that 𝑫𝑻 = 2.41 ×10−5 cm2 s−1.

9

The difference in the diffusional oxygen transport rate at steady state 

equal the amount of oxygen consumed by the cells.

Г𝑶𝟐 is the rate of oxygen consumption by the cells contained within the

volume of cells.

 𝟒𝝅𝒓𝟐𝑫𝑻

𝒅𝑪𝑶𝟐

𝒅𝒓
𝒓+∆𝒓

−  𝟒𝝅𝒓𝟐𝑫𝑻

𝒅𝑪𝑶𝟐

𝒅𝒓
𝒓

= 𝟒𝝅𝒓𝟐∆𝒓𝝋Г𝑶𝟐

Divide equation by Δr and take the limit as Δr → 0 

and replace 𝑪𝑶𝟐 with the 𝑷𝑶𝟐 using:

𝒑𝑶𝟐 = 𝑷𝒚𝑶𝟐 = 𝑯𝑶𝟐𝑪𝑶𝟐

𝑽𝒄𝒆𝒍𝒍 = 𝟒𝝅𝒓𝟐∆𝒓𝝋

𝝋 is the volume fraction of the cells.

10
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 𝟒𝝅𝒓𝟐𝑫𝑻

𝒅𝒑𝑶𝟐

𝒅𝒓
𝒓+∆𝒓

−  𝟒𝝅𝒓𝟐𝑫𝑻

𝒅𝒑𝑶𝟐

𝒅𝒓
𝒓

= 𝟒𝝅𝒓𝟐∆𝒓𝝋𝑯𝑶𝟐Г𝑶𝟐

𝑫𝑻

𝒓𝟐

𝒅

𝒅𝒓
𝒓𝟐

𝒅𝒑𝑶𝟐

𝒅𝒓
= 𝝋𝑯𝑶𝟐Г𝑶𝟐

The boundary conditions (BC) are:

𝑩𝑪𝟏: 𝒓 = 𝟎,
𝒅𝒑𝑶𝟐

𝒅𝒓
= 𝟎

𝑩𝑪𝟐: 𝒓 = 𝑹, 𝒑𝑶𝟐 =  𝒑𝑶𝟐
𝒓=𝑹

11

Г𝑶𝟐 can be described by Michaelis-Menten type kinetics, where Г𝑶𝟐

depends on the 𝒑𝑶𝟐 in the tissue:

Г𝑶𝟐 =
𝑽𝒎𝒂𝒙𝒑𝑶𝟐

𝑲𝒎 + 𝒑𝑶𝟐

In most cases for oxygen consumption by cells, 𝑲𝒎 ≪ 𝒑𝑶𝟐.

For example, for the islets of Langerhans, the value of 𝑲𝒎

= 𝟎. 𝟒𝟒 𝒎𝒎𝑯𝒈 (Dionne 1989).

Since the 𝑷𝑶𝟐 in tissue usually in the range of 10 to 100 mmHg, this

means that Г𝑶𝟐 ≈ 𝑽𝒎𝒂𝒙, or Г𝑶𝟐 = 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕.

𝑽𝒎𝒂𝒙 is the oxygen consumption rate on a per cell basis.
12
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𝝆𝒄𝒆𝒍𝒍 is the cell density, the number of cells per total volume, then:

𝝋Г𝑶𝟐 = 𝝆𝒄𝒆𝒍𝒍𝑽𝒎𝒂𝒙

𝝋 is the volume fraction of the cells within the total volume. 

In terms of the volume of a single cell:

𝝋 = 𝝆𝒄𝒆𝒍𝒍𝑽𝒄𝒆𝒍𝒍

With Г𝑶𝟐 a constant, we can then integrate equation to get:

𝑫𝑻

𝒓𝟐

𝒅

𝒅𝒓
𝒓𝟐

𝒅𝒑𝑶𝟐

𝒅𝒓
= 𝝋𝑯𝑶𝟐Г𝑶𝟐

𝒑𝑶𝟐 𝒓 =  𝒑𝑶𝟐
𝒓=𝑹

−
𝝋𝑯𝑶𝟐Г𝑶𝟐𝑹𝟐

𝟔𝑫𝑻
𝟏 −

𝒓

𝑹

𝟐

13

If we have an external concentration boundary layer in the fluid phase

surrounding the cells as shown in Figure, then we can add the external

mass transfer resistance by incorporating the mass transfer coefficient

into the last equation.

At steady state, the rate of mass transfer of

oxygen from the bulk solution must equal

the rate at which oxygen is being consumed

by the cells. Hence, for constant Г𝑶𝟐, we can

write:

𝟒𝝅𝑹𝟐𝒌𝒎 𝑪𝑶𝟐
𝒃𝒖𝒍𝒌 −  𝑪𝑶𝟐

𝒓=𝑹
=

𝟒

𝟑
𝝅𝑹𝟑𝝋Г𝑶𝟐

14



14/03/2020

8

We can then solve for  𝒑𝑶𝟐 𝒓=𝑹 after using Henry’s law to replace 𝑪𝑶𝟐

with 𝒑𝑶𝟐; hence

 𝒑𝑶𝟐
𝒓=𝑹

= 𝒑𝑶𝟐
𝒃𝒖𝒍𝒌 −

𝑹𝝋Г𝑶𝟐𝑯𝑶𝟐

𝟑𝒌𝒎

We can then write:

𝒑𝑶𝟐 𝒓 = 𝒑𝑶𝟐
𝒃𝒖𝒍𝒌 −

𝑹𝝋𝑯𝑶𝟐Г𝑶𝟐

𝟑𝒌𝒎
−

𝝋𝑯𝑶𝟐Г𝑶𝟐𝑹𝟐

𝟔𝑫𝑻
𝟏 −

𝒓

𝑹

𝟐

This equation can be used to describe data like that shown in the

Figure for a spherical volume of cells.

15

Using the diamond symbol data shown in Figure, estimate the oxygen

consumption rate of the Brockmann bodies (spherical volume of cells),

the value of Г𝑶𝟐 . Assume the volume fraction of the cells in the

Brockmann body is about 0.85.

Example

Assume the Brockmann bodies have

a diameter of 800 μm and that 𝑯𝑶𝟐

= 𝟎. 𝟕𝟎 𝒎𝒎𝑯𝒈/𝝁𝑴.

Also, compare the predicted value of

the  𝒑𝑶𝟐 𝒓=𝑹 from Equation to the

value given in Figure.

16
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The data in the following table summarize the 𝒑𝑶𝟐 values as a function

of radial position measured from the centre of the Brockmann bodies.

Radial position (µm) pO2 (mmHg) 1-(r/R)^2

100 10.58 0.94

150 14.1 0.86

175 16.22 0.81

200 17.63 0.75

225 20.68 0.68

250 23.5 0.61

275 25.85 0.53

300 30.55 0.44

325 35.25 0.34

350 41.83 0.23

400 57.58 0.00

Radial position (µm) pO2 (mmHg) 1-(r/R)^2

100 10.58 0.94

150 14.1 0.86

175 16.22 0.81

200 17.63 0.75

225 20.68 0.68

250 23.5 0.61

275 25.85 0.53

300 30.55 0.44

325 35.25 0.34

350 41.83 0.23

400 57.58 0.00

17

A plot of 𝒑𝑶𝟐 𝒓 versus 𝟏 −
𝒓

𝑹

𝟐
should be linear with:

𝒑𝑶𝟐 𝒓 =  𝒑𝑶𝟐
𝒓=𝑹

−
𝝋𝑯𝑶𝟐Г𝑶𝟐𝑹𝟐

𝟔𝑫𝑻
𝟏 −

𝒓

𝑹

𝟐

𝐒𝐥𝐨𝐩𝐞 = 𝐦 = −
𝝋𝑯𝑶𝟐Г𝑶𝟐𝑹𝟐

𝟔𝑫𝑻
= −𝟒𝟕. 𝟔𝟒𝟔

 𝒚𝒊𝒏𝒕𝒆𝒓𝒄𝒆𝒑𝒕 = 𝒑𝑶𝟐
𝒓=𝑹

= 𝟓𝟑. 𝟓𝟎𝟕

18
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To determine Г𝑶𝟐, we need to estimate 𝑫𝑻 for oxygen.

Bentley et al. (1993) provide a value of 𝑫𝑻 = 𝟐. 𝟒𝟏 × 𝟏𝟎−𝟓cm2s−1.

We can then calculate Г𝑶𝟐:

𝒎 =
𝝋𝑯𝑶𝟐Г𝑶𝟐𝑹𝟐

𝟔𝑫𝑻

Г𝑶𝟐 =
𝟔𝒎𝑫𝑻

𝝋𝑯𝑶𝟐𝑹𝟐

Г𝑶𝟐 =
𝟔𝒎𝑫𝑻

𝝋𝑯𝑶𝟐𝑹𝟐
=

𝟔 × 𝟒𝟕. 𝟔𝟒𝟔 × 𝟐. 𝟒𝟏 × 𝟏𝟎−𝟓

𝟎. 𝟖𝟓 × 𝟎. 𝟕 × 𝟎. 𝟎𝟒 𝟐

Г𝑶𝟐 = 𝟕. 𝟐𝟒 𝝁𝑴/𝒔 19

From Figure, the  𝒑𝑶𝟐 𝒓=𝑹 of the Brockmann

bodies is 57.6 mmHg.

From the linear regression of the data, the y

intercept was found to be 53.51 mmHg, which

is the same as the surface value of the 𝒑𝑶𝟐,

and this value compares reasonably well with

the measured value of 57.6 mmHg.

We can also find the value of  𝒑𝑶𝟐 𝒓=𝑹. 

𝒑𝑶𝟐 𝒓 =  𝒑𝑶𝟐
𝒓=𝑹

−
𝝋𝑯𝑶𝟐Г𝑶𝟐𝑹𝟐

𝟔𝑫𝑻
𝟏 −

𝒓

𝑹

𝟐

20
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From Figure, 𝒑𝑶𝟐
𝒃𝒖𝒍𝒌 = 𝟏𝟒𝟎 𝒎𝒎 𝑯𝒈 . 

Also, for a sphere of cells like the Brockmann bodies in a stagnant 

fluid, the Sherwood number Sh = 2. 

Assuming the nutrient media is mostly water, 𝑫𝑨𝑩 ≈ 𝟐. 𝟕𝟔 × 𝟏𝟎−𝟓 𝒎𝟐/𝒔

(Yoshida and Ohshima, 1966).

Therefore, the mass transfer coefficient for

oxygen is:

𝒔𝒉 =
𝒌𝒎

𝑫𝑨𝑩/𝑳

𝒌𝒎 =
𝑫𝑨𝑩 × 𝒔𝒉

𝑳
=

𝟐. 𝟕𝟔 × 𝟏𝟎−𝟓 × 𝟐

𝟐 × 𝟎. 𝟎𝟒

𝒌𝒎 = 𝟔. 𝟗 × 𝟏𝟎−𝟒 𝒄𝒎/𝒔 21

 𝒑𝑶𝟐
𝒓=𝑹

= 𝒑𝑶𝟐
𝒃𝒖𝒍𝒌 −

𝑹𝝋Г𝑶𝟐𝑯𝑶𝟐

𝟑𝒌𝒎

 𝒑𝑶𝟐
𝒓=𝑹

= 𝟏𝟒𝟎 −
𝟎. 𝟎𝟒 × 𝟎. 𝟖𝟓 × 𝟕. 𝟐𝟒 × 𝟎. 𝟕

𝟑 × 𝟎. 𝟎𝟎𝟎𝟔𝟗

 𝒑𝑶𝟐
𝒓=𝑹

= 𝟓𝟔. 𝟕𝟔 𝒎𝒎 𝑯𝒈

This value of the 𝒑𝑶𝟐 at the surface

compares well with the measured value and

shows the reasonableness of the parameter

values that were used.
22
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Hemoglobin

The hemoglobin found in adult humans is called hemoglobin A. 

Hemoglobin consists of four polypeptide chains (a polymer of amino

acids), two of one kind called the α chain and two of another kind called

the β chain.

These polypeptide chains are held

together by noncovalent attractions.

The haemoglobin molecule is nearly

spherical with a diameter of about 5.5

nm and a molecular weight of 68,000.

The oxygen binding capacity of

hemoglobin depends on the presence

of a unit called the heme group.
23

The iron atom within heme gives blood its distinctive red colour. 

The heme group consists of an organic part that binds through four

nitrogen atoms with the iron atom within the centre.

The iron atom can form up to six bonds,

four of which are with nitrogen atoms and

two to bind with one molecule of oxygen.

Each of the four chains contains a single

heme group and therefore a single oxygen

binding site.

A molecule of hemoglobin therefore has

the potential to bind four molecules of

oxygen. 24
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The oxygen hemoglobin dissociation curve is shown in Figure.

The oxygen-hemoglobin dissociation curve

It shows the relation between the 𝒑𝑶𝟐 and the fractional occupancy of

the hemoglobin-oxygen binding sites (Y).

The equilibrium partial pressure

of oxygen, or 𝒑𝑶𝟐 , above a

solution of blood is related to the

dissolved oxygen concentration by

Henry’s law, which is given for

blood at 37°C as:

𝑯𝑶𝟐 = 𝟎. 𝟕𝟒 𝒎𝒎𝑯𝒈/𝝁𝑴
25

𝑪𝑶𝟐 is the dissolved oxygen concentration (μM) in the blood. 

It is important to realize that the 𝒑𝑶𝟐 is exerted only by the dissolved

oxygen.

Oxygen bound to hemoglobin

does not directly affect the 𝒑𝑶𝟐

but serves only as a source or

sink for oxygen.

26
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Table below summarizes some properties of arterial and venous blood.

Oxygen levels in blood

The concentration of hemoglobin in blood is 150 g/L = 15 g/dL = 2200 μM. 

Each molecule of hemoglobin can bind at most four molecules of oxygen,

the saturated concentration of oxygen, Y=1, bound to hemoglobin, 𝑪𝑺𝑨𝑻
´

= 𝟖𝟖𝟎𝟎 𝝁𝑴.

Comparing this saturated

value, to the arterial dissolved

oxygen value of 130 μM

clearly shows that the bulk of

the oxygen that is available in

the blood is carried by

haemoglobin as Oxy-Hb.
27

The P50 value represents the value of the oxygen partial pressure (pO2)

at which 50% of the oxygen binding sites are filled, Y = 0.5. From the

figure, we see this occurs when the pO2 ≈ 26 mmHg.

28
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In 1913, Archibald Hill proposed that the sigmoidal shape of the oxygen

hemoglobin dissociation curve can be described by the following

equilibrium reaction:

The Hill equation

n is the number of molecules of oxygen

that bind with hemoglobin (Hb) to form

oxyhemoglobin, [𝑯𝑩(𝑶𝟐)𝒏].

Writing an elementary rate expression

for the appearance of hemoglobin, with

𝒌𝟏 and 𝒌−𝟏 representing the reaction

rate constants, we obtain:
29

The brackets imply the concentration of the respective chemical species. 

𝒅 𝑯𝑩

𝒅𝒕
= 𝒌𝟏 𝑯𝑩(𝑶𝟐)𝒏 − 𝒌−𝟏 𝑯𝑩 𝑶𝟐

𝒏 = 𝟎

Assuming the reaction is at equilibrium,

we can set equation equal to zero and

solve for the concentration of

oxygenated hemoglobin in terms of the

free hemoglobin and dissolved oxygen

concentrations:

𝑯𝑩(𝑶𝟐)𝒏 = κ 𝑯𝑩 𝑶𝟐
𝒏

κ =
𝒌−𝟏

𝒌𝟏
30
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The fraction of hemoglobin that is saturated (Y) is defined by the

following relationship:

𝒀 =
𝑯𝑩(𝑶𝟐)𝒏

𝑯𝑩(𝑶𝟐)𝒏 + 𝑯𝑩
=

𝑯𝑩(𝑶𝟐)𝒏

𝑯𝑩

𝟏 +
𝑯𝑩(𝑶𝟐)𝒏

𝑯𝑩

This equation can be simplified using the previous equations to obtain 

the following result:

𝒀 =
κ 𝑶𝟐

𝒏

𝟏 + κ 𝑶𝟐
𝒏

=
𝒑𝑶𝟐

𝒏

𝑷𝟓𝟎
𝒏 + 𝒑𝑶𝟐

𝒏

𝑷𝟓𝟎
𝒏 was substituted for 

𝑯𝑶𝟐
𝒏

κ
. 

31

This equation is called the Hill equation and can be used to provide a

mathematical relationship between Y and 𝒑𝑶𝟐 that describes the

behaviour shown in the figure.

𝒀 =
κ 𝑶𝟐

𝒏

𝟏 + κ 𝑶𝟐
𝒏

=
𝒑𝑶𝟐

𝒏

𝑷𝟓𝟎
𝒏 + 𝒑𝑶𝟐

𝒏

Rearrangement of the Hill equation:

𝒍𝒏
𝒀

𝟏 − 𝒀
= 𝒏𝒍𝒏 𝒑𝑶𝟐 − 𝒏𝒍𝒏(𝑷𝟓𝟎)

A plot 𝒍𝒏
𝒀

𝟏−𝒀
of versus 𝒍𝒏 𝒑𝑶𝟐 is

linear with a slope equal to n and a

y intercept equal to −𝒏𝒍𝒏(𝑷𝟓𝟎).

32
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The following table presents data that represents the oxygen

hemoglobin dissociation. Show that the Hill equation provides

excellent representation of this data.

Example 

Oxygen Partial Pressure, pO2, mmHg Fractional Hemoglobin Saturation (Y)

10 0.12

20 0.28

30 0.56

40 0.72

50 0.82

60 0.88

70 0.91

80 0.93

90 0.95

100 0.96

33

Oxygen Partial Pressure, pO2, mmHg Fractional Hemoglobin Saturation (Y) Y/(1-Y) ln(pO2) ln(y/(1-Y)) Y Calculated

10 0.12 0.14 2.30 -1.99 0.10

20 0.28 0.39 3.00 -0.94 0.35

30 0.56 1.27 3.40 0.24 0.58

40 0.72 2.57 3.69 0.94 0.73

50 0.82 4.56 3.91 1.52 0.82

60 0.88 7.33 4.09 1.99 0.88

70 0.91 10.11 4.25 2.31 0.91

80 0.93 13.29 4.38 2.59 0.93

90 0.95 19.00 4.50 2.94 0.95

100 0.96 24.00 4.61 3.18 0.96
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Other factors that can affect the oxygen-hemoglobin dissociation curve

Other molecules, such as H+, CO2, and organic phosphates (DPG) also

bind on specific sites on the hemoglobin molecule and greatly affect its

oxygen binding ability.

35

Lowering the pH shifts the oxygen dissociation curve to the right. This

decreases, for a given pO2, the oxygen affinity of the hemoglobin.

CO2 at increased levels and constant pH also lowers the oxygen

affinity of hemoglobin.
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In metabolically active tissues such as the muscle, the higher levels of

CO2 and H+ in the capillaries have a beneficial effect by promoting the

release of oxygen. This is called the Bohr effect.

The oxygen hemoglobin dissociation curve shifts to the right when the

partial pressure of carbon dioxide (pCO2) is increased.

Under these conditions, CO2 can reversibly bind to hemoglobin

displacing oxygen to form a compound known as

carbaminohemoglobin.

The reverse process also

occurs, oxygen binding to

hemoglobin has the ability

to displace CO2 that is

bound to hemoglobin. 37

This is important in both tissues and in the lungs.

In the tissue capillaries, the higher pCO2 in the tissue space results in

the formation of carbaminohemoglobin, which increases the release of

oxygen from hemoglobin.

Within the lungs, where the pO2 is

much higher within the gas space of

the alveoli, there is a displacement of

CO2 from the hemoglobin by oxygen.

This is called the Haldane effect.
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